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bertetangga v, dan v, dengan w(v,) # W(Uy), danw(v) = f(v) + Yeci f(€).
Oleh karena itu, setiap pewarnaan lokal titik antiajaib total menginduksi
pewarnaan titik dari G dengan titik v diberi warna w(v). Penelitian ini penting
karena memberikan kontribusi dalam pengembangan teori pewarnaan graf,
khususnya pewarnaan lokal titik anti-ajaib total yang masih jarang diteliti. Pada
penelitian ini membahas tentang pewarnaan lokal titik anti-ajaib total dari graf
P,, = S5 dan B,, & C; yang bertujuan untuk menentukan bilangan kromatiknya.
Hasil dari penelitian ini adalah bilangan kromatik dari pewarnaan lokal titik
antiajaib total pada graf P,, = S; = 4 dan bilangan kromatik dari pewarnaan
lokal titik antiajaib total pada graf P,, = (5, adalah 5 jika m ganjil dan 7 jika m
genap.

Let G(V,E) be a graph consisting of a set of vertices V(G) and a set of edges
E(G) where the number of vertices and edges are denoted by |V(G)| and
E(G)], respectively. A bijective function f:V(G)VE(G) »
{1,2,3, ..., (IV(G)| + |E(G)])} is defined as a local vertex antimagic total coloring
if there exist two adjacent vertex v, and v, with w(v,) # W(Uy),W(‘U) =
f() + Xeer f(e). Therefore, every local vertex antimagic total coloring
produces a vertex coloring of the graph G, where each vertex v is assigned a color
corresponding to its weight w(v). This research is essential as it contributes to
development of graph coloring theory, particularly in the area of local vertex
antimagic total coloring, which has been rarely studied. This research discusses
the local vertex antimagic total coloring of B,, & S; and B,, & C; which aims to
determine the chromatic number. The result of the research is the chromatic
number of local vertex antimagic total coloring of B, &> S; =4 and the
chromatic number of local vertex antimagic total coloring P, & C5, is 5 if m is
odd and 7 if m is even.
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INTRODUCTION

Mathematics is the foundation of science. One branch of mathematics, discrete
mathematics, which studies discrete objects, has developed rapidly in recent decades (Munir,
2010). Graph theory is a topic that attracts much interest because its models are beneficial to be
applied in various aspects of everyday life (Nasir et al., 2022). Historically, graph theory was based
on the problem of the Kénigsberg bridges in 1736 (Aziz, 2021). At that time, Euler thought of a way
to cross all the bridges in the city of Kaliningrad, Russia, exactly once and return to the starting
point (Ginting & Banjarnahor, 2010). Leonhard Euler was a mathematician who successfully found
the solution to the problem by representing it as a graph (Fransiskus Fran, 2019). A graph is a set
of edges and vertices G(V, E), where E is the set of edges and V is the set of vertices (Daniel &
Taneo, 2019). Theories developed in graph theory include labeling and coloring graphs (Majid et
al., 2023).

Graph labeling is a bijective mapping that maps all graph (vertices, edges, and regions) into
a set of positive integers and forms an arithmetic sequence (Magic Graphs, 2001). Based on the
sum of weights, labeling can be classified into two categories: magic labeling and antimagic
labeling. Magic labeling is the assignment of labels by arranging positive integers to objects so that
those objects have the same weight sum. In contrasr, antimagic labeling is the assignment of labels
by arranging positive integers so that those objects have different weight sums (Putri, 2016). A
vertex antimagic total labeling on a graph with edges e and vertices v is a one-to-one mapping
f:V(G)VE(G) — {1,2,...,|V(G) + E(G)|} such that for each vertex v € V(G) isw(v) = f(v) +
Y. f(e) where the sum is taken over all edges adjacent to v and all such weights are distinct
(Prasetyo, 2012). Graph coloring is the assignment of colors to the elements of a graph such that
every adjacent element has a different color (Maftukhah et al., 2020). Graph coloring is divided
into three types: vertex coloring, edge coloring, and face coloring (Himayati et al., 2020).

Along with the advancement of science, the concepts of labeling and coloring have been
combined into a new area of study in graph theory, namely local antimagic coloring. Previous
research on local vertex antimagic coloring was published by Arumugam et al. in 2017. The concept
of local vertex antimagic coloring involves labeling each edge of a graph and determining the
weight at each vertex such that adjacent vertices receive different colors (Arumugam et al., 2017).
Furthermore, research by Agustin et al. in 2017 examined local edge antimagic coloring, where
labeling is applied to the graph in order to determine the weight of each edge such that adjacent
edges have different colors (Agustin et al., 2017). This topic was further developed by Kurniawati
in 2018, who studied local edge antimagic coloring using the comb operation on the graph B, > H
(Kurniawati et al., 2018). Subsequently, Putri et al. (2018) investigated the local antimagic total
coloring of some families tree graphs. Research continued with Pawar and Singh (2023), who
studied super local vertex antimagic total coloring in several families of graphs. In the same year,
Gee-Choon Lau et al. Demonstrated that every graph admits a local antimagic total coloring and
discussed some of its applications (Lau, et.al, 2023). The most recent research on super total local
antimagic coloring of graphs was conducted by Pawar et al. (2025).

In this study, the focus is on determining the chromatic number of local antimagic total
coloring using the comb operation. The choice of this operation is particularly interesting because
no previous research has applied it to local vertex antimagic total coloring. Therefore, this study is
expected to contribute to the understanding local vertex antimagic total coloring on graphs
resulting from the comb operation and to open opportunities for further development of
graph theory.
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METHOD

This research uses the pattern recognition and axiomatic-deductive method to solve the
problem. The pattern detection approach is applied to determine and formulate the labeling
structures of vertices and edges within the analyzed graph, thereby deriving a general formula for
local vertex antimagic total labeling. Meanwhile, the axiomatic deductive method is a research
approach that applies deductive reasoning in mathematical logic, relying on existing axioms or
theorems to solve a problem. For further clarification regarding the research stages, see
Figure 1.

Start

/ Path Graph, Star Graph, and Cycle Graph

l

Constructing graphs through the comb operation of a Path
Graph with a Star Graph and a Path Graph with a Cycle Graph

/ The Graphs P, > S3 and P, > Cj

Defining the notation and determining the
vertex and edge cardinalities of the graph

Determining the labeling of vertices and edges of the graph

Determining the total weight for each vertex of the graph

Determining the function used to label
the vertices and edges of the graph

/ finding the chromatic number of the graph

( Finish )

Figure 1. Research stages

RESULTS

In this section, the results of the study on local vertex antimagic total coloring of the graphs
P, = S; and PB,, = C3 using the comb operation will be discussed.

Local Vertex Antimagic Total Coloring on Graphs P,,, = S3

The graph B,, = S5 is obtained from the comb product between the path graph B,, and the
star graph S; where B, consists of m vertices and S5 is a star graph composed of one central vertex
and three pendant vertices. An example of the graph P,, = S; can be seen in Figure 2.
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Yia Y12 N3 Ys1 Ys2 Yss Ym1 Ym2 Ym.3

Ym-1.1 Ym-13
Ym—-12

Y21 Y22 Y23
Figure 2. The graph of P, & S;

Theorem 1. Let P, be a path graph and S5 a star graph. For m > 3, the graph B,, > S5 has a
chromatic number of local vertex antimagic total coloring y;,q: (B = S3) = 4.

Proof. Given the graph B,, = S; with m being a natural number, m > 3. The vertex set and the
edge set of the graph B,, = S; can be denoted respectively as follows:

VPpeSy) ={xpl<i<mju{y,1<i<m1<;j<3}
E(PpeS3) ={xixiypn1<i<m-1}u{xyi1<i<m1<j<3}

Based on the vertex set and edge set above, the cardinalities of the vertices and edges of the graph
B, = S5 are respectively given by |V (B,, = S3)| = 4m and |E(B,, > S3)| = 4m — 1.

Define a bijective labeling function on the graph B,, = S5, as follows:
9:(V(Pyp & S3) UE(B, & S3)) > {1,2,3, ..., (8m — 1)}.
Case 1 For m odd

The first step begins with labeling all edges of the graph B,, = S5. The edge labeling function on
P, = S5 is defined as follows:

i+1
m— > forl<i<m-—2andiodd
f(xixie) = ;
> forl1<i<m-—1andieven
m+i—2
— forl <i<mandiodd
f(xiJ’i,1)= i—2
3m+ > forl1 <i<mandieven
5m—i
> forl <i<mandiodd
f(xi}’i,z)= i
3m—z, forl1 <i<mandieven
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i—1
2m-1) - —, forl <i<mandiodd
f(xiyvis) = 2
L3 3m—i—1
2 )
The second step is to assign labels to all vertices of the graph B,, = S;. The vertex labeling function
is defined as follows:

forl1 <i<mandieven

i—1
7m + > v=yx,forl <i<mandiodd
15m+i—1
— v=x;,forl1<i<m-—1andieven
9m —i ) )
> v=y;1,forl <i <mandiodd
11m+i—2 ) )
_ v=Y;,,forl <i <mandiodd
fm={ %
6m + > v=y;3,forl1 <i <mandiodd
i
5m—§, v=y;1,forl1 <i<m—1andieven
i—2
5m+ > v=Y;,,forl1 <i <m—1andieven
13m+i—1 ) )
S — v=y;3,forl1 <i<m—1andieven

Next, the vertex weights for the local vertex antimagic total coloring of the graph B, = S5 are
determined. The vertex weight function of P, & S is defined as follows:

16m — 3, v=yx;forl <i<mandiodd
16m — 2, v=x;,forl1<i<m-—1andieven
W(U)= 31m -5
—3 V=X
8m—1, v=y,forl<sism-1,1<j<3

Based on the vertex weights w(v) obtained above, it can be observed that the local vertex

antimagic total coloring of the graph P,, = S5, for m odd, has a chromatic number of 4, with weights

16m —3, 16m — 2, @, and 8m — 1. Therefore, the chromatic number of the local vertex

antimagic total coloring of the graph B,, = S5 for m odd, is x;yq:(By &= S3) = 4.

An illustration of the local vertex antimagic total coloring of the graph B,, = S; formodd m = 5 is
shown in Figure 3.

Figure 3. lllustrate the local vertex antimagic total coloring of Ps & S5
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Figure 3 presents an example of the local vertex antimagic total coloring of the graph Ps > S3. As
31m-5

shown in Figure 3, the obtained chromatic numbers are 16m — 3 = 77, 16m — 2 = 78,
75,dan 8m — 1 = 39.

Case 2 For m even.

The first step begins with labeling all edges of the graph B,, = S5 as follows:

i+1
m— > e=xxi+1,1 <i<m-—1daniodd
i
> e=x;xi+1,1 <i <m-—1danieven
m+i—1 )
> ; e=Xx;y; 1,1 odd
Sm—-i—1 ]
— e=Xx;y;, i odd
fle) =4 -
(zm - 1) - 2 H e=XiYi3, i odd
i —
3m+ ; e=x;y;,leven
i
3m— > e=Xx;y;,, L even
3m—i )
— e=x;y; 3, i even.

The second step is to assign labels to the vertices of the graph B, = S5 as follows:

15m+i—-1 _ ]

#; v=yx;1<i<m-—1andiodd
i—2

7m + ; v=x;;1<i<m-—1andieven

Im—i—1 )

T; v=1y; 4,1 odd

11m+i—1 )

f; v=1y;,,1 0dd

6m + > ; v=1y; 3,1 odd
i

5m — E; v=1y;4,1 even
i—2 ]

5m+ ; v=1Y;,,1 even

13m+i—2 )

\ 2 ) v=Yy;3,1 even.

Next, the vertex weights for the local vertex antimagic total coloring of the graph B, = S5 are
determined. The vertex weight function of P, & S is defined as follows:
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33m—=6 ] )
— v=yx;,forl <i<mandiodd
31m—4 ] )
w(v) = — v=x;,forl<i<m-—1andieven
15m - 2, V =Xy
8m—1, v=y,forl<sism-11<j<3

From the vertex weights w(v) obtained above, it can be seen that the local vertex antimagic total

coloring of the graph P,, & S3 for m even has a chromatic number of 4, with weights 337;1_6, 3m

2
2, 15m — 2, and 8m — 1. Therefore, the chromatic number of the local vertex antimagic total

coloring of the graph B, & S3 for m odd, is x;yq¢ (B & S3) = 4. m

Local vertex antimagic total coloring of the graph B,, = S5 for m even, m = 6 can be illustrated and
shown in Figure 4.

® ® OO ® O» ® @

21 \14 1
91
45 (1)

1
5

®) ® ®
® ® OO © 06 & ®

Figure 4. Local vertex antimagic total coloring of the graph P, & S5

Figure 4 illustrates an example of the local vertex antimagic total coloring on the graph Py & S3.

33’”‘6=96,:‘”T’”—2=91, 15m —2 =

Based on Figure 4, the obtained chromatic numbers are
88,and 8m — 1 = 47.

Local Vertex Antimagic Total Coloring on Graphs P,, &> C3

The graph B, = C; is obtained from the comb operation between the path graph B, and
the cycle graph C5; where B,, consists of m vertices and C; is a cycle graph with three vertices. An
illustration of the graph B,, = Cj; is presented in Figure 5.

Yia Y12 Yz Y32 Ym-11 Ym-12

Y21 Y22 Y1 Ya2 Ym, Ym 2

Figure 5. The Graph of B,, & C;
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Theorem 2 Let P, be a path graph and C; a cycle graph. For m = 3, the graph B, = C has the
following total local antimagic vertex coloring chromatic number:

5; for m odd

Xwat (Bn & C3) = {7; for m even

Proof. Given the graph B,, > C; with m being a natural number, m > 3. The vertex set and the
edge set of the graph B,, = C can be denoted respectively as follows:

VBpeC) ={xp1<i<m}uf{y;;;1<i<m1<j<2}

E(Pp>Cs) ={xixipp:1<i<m-1U{xy1<i<m1<j<2}u{yyj:1<i<
m,j = 1}.
Based on the vertex set and edge set above, the cardinalities of the vertices and edges of the graph
B, = C5 are respectively given by |V (B,, & C3)| = 4m and |E(B,, & C3)| = 4m — 1.

Define a bijective labeling function on the graph B,, = S3, as follows:
g:(V(Pp & C3)UE(B, & C3)) - {1,2, ..., (7Tm — D}.
Case 1 For m odd

The first step begins with labeling all edges of the graph B, = (5. The edge labeling function on
P, & C3 is defined as follows:

i+1 ] _
m— 5 ; e=x;x;,1,1<i<m-—1andiodd
i
> e=x;x;41,1 <i<m-—1andieven
3m+i—2 .
5 ; e= Y1y, i odd
i —_
3m+ > e=x;y; 1,1 odd
fle) =1 2
2m + ; e=x;y;, L odd
i—2 )
m+—=; e=Yi1Yiz2 l even
m+i—1 .
— e=x;y; 1,1l even
Sm+i-1 .
5 e=Xx;y;,, i even.

The second step is to assign labels to all vertices of the graph B,, = Cs. The vertex labeling function
is defined as follows:

m — i, v=yx;,1<i<m
fw) = em —i, v=y;,1<i<m
5m —1i, V=Y, 1<i<m

Next, the vertex weights for the local vertex antimagic total colouring of the graph B,, > C; are
determined. The vertex weight function of B, & Cj3 is defined as follows:
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13m — 2, v =x;iodd

14m — 1, v = x;, 1 even
25m —3
— V=X

W) =421 — 3 _
— v=y;,1<i<m
17m —3 )
T v=Yy,1<i<m

From the vertex weights w(v) obtained above, it can be seen that the local vertex antimagic total

coloring of the graph B,, = C3, for m odd, has a chromatic number of 5, with weights 13m — 2,

25m—-3 21m-3 17m-3
14m — 1, P , and -

An illustration of the local vertex antimagic total coloring of the graph B,, = C; formodd m =5
is shown in Figure 6.

® @

2

70\ 7\
@ |\"H/' @ |\ﬂ/’
Figure 6. Local vertex antimagic total coloring of the graph Ps & C;

Figure 6 presents an example of the local vertex antimagic total coloring of the graph P; & (5. As
shown in Figure 5, the obtained chromatic numbers are 13m — 2 = 63, 14m — 1 = 69, i

2
61, 217:_3 =51, and 17m-3 41. Therefore, the chromatic number of the total local antimagic

vertex coloring of the graph B,, & C5 is Y;yq:(Ps = C3) = 5.

Case 2 For m even

The first step begins with labeling all edges of the graph B, = (5. The edge labeling function on
Py, & C3 is defined as follows:
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i+1 ] _
m — 5 ; e=x;x;;1,1 <i<m-—1andiodd
i
> e=x;xjy1,1 <i<m-—1andieven
3m+i—1 )
) ; e=Yi1Yi2, i odd
i —
3m+ > e=x;y; 1,1 odd
fle) =1 2
2m + > e=Xx;y;, i odd
i—2 ]
m+—=; e=Yi1Yiz2 L even
m+i—2 .
— e=Xx;y; 1,1l even
Sm+i—-2 .
R e=Xx;y;,, 1 even.

The second step is to assign labels to all vertices of the graph B,, = Cs. The vertex labeling function
is defined as follows:

m — i, v=yx;,1<i<m
fw) = em —i, v=y;,1<i<m
5m—1i, V=Y, 1<i<m

Next, the vertex weights for the local vertex antimagic total colouring of the graph B,, > C; are
determined. The vertex weight function of B, & Cj3 is defined as follows:

13m — 2; v =x;iodd
14m — 1; v = x;, i even

27m

— ; vV =x,
21m — 2 )
5 ; v=1Yy;q,10dd

w) =9 17m -2 _

T; vV =Y;,,i0dd
21m — 4 )
T; v =1Y;1,ieven
17m — 4 )

L T; V =Y;,, 1 even

From the vertex weights w(v) obtained above, it can be seen that the local vertex antimagic total

coloring of the graph B,, = C3, for m even, has a chromatic number of 7, with weights 13m — 2,
14m — 1, 2777" -2, 211:_2, 177:_2, 211:_4 and 22272 Therefore, the chromatic number of the total

local antimagic vertex coloring of the graph B,, & C5 is ¥j,q: (Ps & C3) = 7.

’

An illustration of the local vertex antimagic total coloring of the graph B,, = C; for m even
m = 7 is shown in Figure 7.
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Figure 7. Local vertex antimagic total coloring of the graph P, &> C;

Figure 7 presents an example of the local vertex antimagic total coloring of the graph P & (5. As

shown in Figure 6, the obtained chromatic numbers are 13m — 2 = 76, 14m — 2 = 82, 277"1 —
2=79, 502 = 62,772 =50, = 61,and = — = 49.
CONCLUSION

Based on the research results on local vertex antimagic total coloring for several graphs
obtained from the comb operation, it can be concluded that the chromatic number of the total local
antimagic vertex coloring for the graph B,, = S; is 4 and for the B,, & C3 is 5 when mis odd and 7
when m is even.

Open Problem: Determine chromatic number of local vertex antimagic total coloring for
graphs B,, = S, and B,, > C,,.
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